Corrections of O(α 2 s ) to the decay of the top quark into a W boson and a bottom quark are calculated. The method is based on an expansion of the top quark propagator for small external momentum, q, as compared to the top quark mass, M t . The physical point q 2 = M 2 t is reached through Padé approximations. The described method allows to take effects induced by a finite W boson mass into account. The numerical relevance of the result is discussed. Important cross-checks against recent results for the decay rate b → ulν and the two-loop QED corrections to µ-decay are performed.
Introduction
The top quark is the so far heaviest observed particle of the Standard Model of elementary particle physics. Its total width, Γ t , is to a good approximation proportional to the third power of its mass and is much larger than Λ QCD , the typical scale of non-perturbative effects in QCD. Therefore it is possible to treat the top quark almost as a free particle and to apply perturbative methods to evaluate the quantum corrections to its decay process [1] .
In the minimal Standard Model the dominant decay mode of the top quark is the one into a bottom quark and a W boson. It is important to predict the corresponding decay width accurately in order to be sensitive to exotic processes, which may occur in supersymmetric models, for example.
The first order QCD corrections have been evaluated in analytical form some time ago [2] and amount to approximately −10%. The electroweak corrections are small and turn out to be ≈ 2% for a Higgs mass around 100 GeV (see, e.g., [3] ).
The expected precision for measurements of Γ t by a future e + e − machine like the NextLinear-Collider (NLC) is of the same order of magnitude as the corrections of O(α s ) [3] . This makes it desirable to control also the next-to-leading corrections induced by the strong interaction.
In fact, the QCD corrections of O(α 2 s ) have already been considered in [4] . This calculation was based on an expansion of the vertex diagrams in the quantities 1 − M t , respectively. Although this expansion parameter is not small at all, the approach led to reliable results after including many terms into the analysis, choosing proper variables, and carefully investigating potentially large contributions.
The aim of this paper is, on the one hand, to have an independent check of the results of [4] , using a rather complementary method. On the other hand, our approach will allow us to additionally account for a finite M W boson mass.
The method presented in this paper is as follows. In contrast to [4] we compute propagator-type diagrams contributing to the top quark selfenergy with external momentum q in terms of an expansion around q The paper is organized as follows: In Section 2 the method is described. In Section 3, the results obtained at O(α s ) are discussed in more detail. The comparison with the analytical result demonstrates the reliability of our method. Section 4 deals with the computation of the second order QCD corrections where also the effects of a finite W boson mass are taken into account. Important cross-checks with recent results for Γ(b → ulν) and Γ(µ → eν µνe ) are carried out in Section 4.5.
Method of the calculation
The exact evaluation of the Feynman diagrams contributing to Γ(t → W b) at order α 2 s is currently not available. However, it is promising to apply the methods of asymptotic expansion (see, e.g., [5] and references therein) in the limit
For the O(α s ) corrections in the limit M W = 0, a similar approach has already been used in [6] . There it was possible to resum the series at q 2 = M 2 t which reproduces the analytical result. At O(α 2 s ), however, instead of an explicit resummation we will perform a Padé approximation in order to reach the physical point q 2 = M 2 t [7, 8] . Before going into details, let us introduce the notation. The inverse quark propagator is denoted by 
and Z g denote the renormalization constants. Z OS m and Z OS 2
will be taken in the on-shell scheme, whereas Z g is in the MS scheme. Z OS 2 is defined by the condition
In our approach we are actually dealing with two different masses for the top quark in intermediate steps: an "external" one (q 2 ) and an "internal" one (M 2 t ). Applying the optical theorem, the decay rate of the top quark will therefore be written as
where
are functions of the variable
All relevant diagrams will be calculated in terms of expansions around z = 0, and the limit z → 1 will be applied only in the very end. Therefore, while Z OS m can be taken at z = 1, we also need to express Z OS 2 in terms of an expansion around z = 0. This is most conveniently done by translating condition (4) into
From (5) and (6) it is clear that for our purpose it suffices to know only the pure QCD corrections of Z ). For z = 1 these quantities were computed up to this order in [9] and [10] , respectively.
Note that in a calculation where the quantities are evaluated on-shell, i.e. at q 2 = M 2 t , infra-red singularities appear in intermediate steps. In contrast, in Eq. (6) all functions on the r.h.s. are defined through the expansion for z → 0 and thus are infra-red safe.
At this point a comment on the extraction of the values for z = 1 is in order. Actually Eqs. (5) and (8) are not unique as it is possible to derive slightly different equations for Z and Γ(t → W b), which differ by relative factors of z. In the limit z → 1 all of them are equivalent. The results we obtained by using two more variants of Eqs. (5) and (8) are consistent with the ones which will be discussed below. We decided to use the formulae shown above because the O(α s ) corrections are recovered with the highest accuracy.
In order to obtain reliable results it is necessary to evaluate as many terms as possible in the expansion parameter z. The exact resummation of the series in z seems to be excluded. Instead, we apply a Padé approximation which means that we reexpress the resulting polynomial in terms of a rational function:
Its Taylor series is required to coincide with the original polynomial up to the order m+n. In addition, it may be promising to apply a conformal mapping [7] z = 4ω (1 + ω) 2 (10) and to perform the Padé approximation in the variable ω. The complex z-plane is mapped into the interior of the unit circle in the ω-plane, and the relevant point z = 1 goes to ω = 1. This conformal mapping is motivated by the observation that the application of a Padé approximation relies heavily on analytic properties. The function on the r.h.s. of Eq. (5) (without the limit z → 1) will develop a branch cut along the real z-axis starting from z = 1. This branch cut is mapped through Eq. (10) onto the unit circle. Thus by applying Eq. (10) we enlarge the range of convergence for the terms we got in the limit z → 0.
Since both methods described above appear to be rather natural, any of them will be used to derive an estimate on the exact result. For convenience, let us denote the results obtained through Padé approximation in the variable z by "z-Padés", the ones where the Padé approximation is performed in ω by "ω-Padés". The central values and the estimated uncertainty will be extracted from Padé results [m/n] with m + n not too small and |m − n| ≤ 2. The central value is obtained by averaging the Padé results and the uncertainty is given by the maximum deviation from the central value. The error estimation is therefore rather conservative.
Some Padé approximants develop poles inside the unit circle (|z| ≤ 1 and |ω| ≤ 1, respectively). In general we will discard such results in the following. In some cases, however, the pole coincides with a zero of the numerator up to several digits accuracy, and these Padé approximations will be taken into account for the estimation of the actual results. To be precise: in addition to the Padé results without any poles inside the unit circle, we will use the ones where the poles are accompanied by zeros within a circle of radius 0.01, and the distance between the pole and the physically relevant point q 2 /M Concerning the dependence on the strong gauge parameter ξ in Eq. (5), it only drops out after summing infinitely many terms in the expansion around z = 0 and setting z = 1.
Since we are only dealing with a limited number of terms, our approximate results will still depend on the choice of ξ even after taking z → 1. It is clear that with extreme values of ξ almost any number could be produced. Thus the question arises which value of ξ should be assumed in order to arrive at a reliable prediction for Γ(t → W b).
At O(α s ) the whole calculation can be performed for arbitrary gauge parameter without any difficulties. This allows for a detailed study of the residual ξ dependence. At O(α 2 s ) only the first few terms could be evaluated for general ξ which does not allow for extensive studies. In order to arrive at a reasonable number of terms in the expansion around z = 0 it is necessary to set ξ to some definite value from the very beginning. The behaviour of the diagrams at O(α s ) will serve as an indication for the optimal choice of this value in the analysis at O(α 2 s ). Concerning the electroweak gauge parameter ξ W , all results that will be quoted in the following have been obtained in unitary gauge, where the W propagator is given by
Nevertheless, the leading terms in M W have also been computed in an arbitrary covariant gauge. They are obtained by replacing the W boson by a Goldstone boson with the propagator simply given by
The independence of ξ W is then manifest already at this point.
First order QCD corrections
In this section we will investigate the O(α s ) corrections and compare the exact result [2] to the approximation obtained by the method described above.
It is convenient to decompose the decay rate of the top quark into a W boson and a bottom quark in the following way:
The one-loop correction is known in analytical form since quite some time [2] . Expanded in terms of M W /M t it reads:
The approximation M W = 0 induces an error of roughly 22%. This reduces to approximately 4% if the quadratic mass corrections are included and is completely negligible if all the terms displayed in Eq. (14) are taken into account.
For clarity, let us apply our method to these lowest order terms and see how the results compare to A (0) and A (1) above. While A (0) is reproduced exactly, the imaginary part of the small-momentum expansion for the two-loop (O(α s )) diagrams (an example is shown in Fig. 1 ) reads: 
(The coefficient of z n will be called the "n th moment" in the following.) Note that the factors 1/z and 1/z 2 in front of the quadratic and quartic terms in M W are irrelevant for the subsequent Padé procedure. Table 1 several z-Padés are evaluated for the leading order coefficient (M W = 0). The gauge parameter is varied from ξ = −2 to ξ = +2. Padé results which develop poles for |z| ≤ 1 are in general represented by a dash. However, if an approximate cancellation with a zero from the numerator takes place (see the discussion above), they are marked by a star (⋆). The exact result is reproduced with a fairly high accuracy for almost all values of ξ under consideration. Nevertheless, the value for ξ = 0 is closest to the exact result, and the variation of the Padé approximants appears to be very small for this particular choice of ξ. Based on this observation, we decide to perform the three-loop analysis by setting ξ = 0. This has the additional advantage that the evaluation of the Feynman diagrams is much simpler than for non-zero values of ξ. n (n = 0, 1, 2) in the case of A (1) . ξ has been set to zero, as it is suggested by the discussion above. For each coefficient, the Padé approximations have been performed in the variable z as well as in the variable ω. The z-and ω-Padés are indicated by a z and an ω, respectively, in the second line of Table 2 . This notation will be used throughout the paper. The z-Padés for the values of the (M 0 -term coincide with those for ξ = 0 of Table 1 , of course. Concerning the power-suppressed terms, again the higher order Padé approximants agree with the exact results to an impressive accuracy. The logarithm of Eq. (14) is reproduced exactly after taking into account the first two terms in the expansion (15) and setting z = 1.
Also for the power-suppressed terms an analysis concerning the ξ dependence has been Table 2 : Padé approximations for the power-suppressed terms of A (1) , computed for ξ = 0.
performed. While the quadratic terms in M W do not depend on ξ at all (see Eq. (15)), the results for the terms of order M Taking only those results of Table 2 into account where eight or more input terms enter we may finally deduce our approximation for the O(α s ) corrections to the decay rate (we adopt the notation −2.035(4) ≡ −2.035 ± 0.004, etc.):
The agreement of Eq. (16) with the exact results quoted in the last line of Table 2 obviously supports the underlying method.
In the three-loop case we could obtain the small-momentum expansion up to z 7 for M W = 0 and up to z 6 for the coefficients of M t . Therefore, the final number at three-loop level will be based on Padés built out of seven and eight moments for the leading term, and six and seven moments for the sub-leading terms in M W . At O(α s ) this reduced number of input terms changes the result from the one in (16) to
which is a bit worse than (16), but still sufficiently accurate. This suggests that the number of available moments at order α 2 s should be sufficient to arrive at a reasonable estimate.
Second order QCD corrections
Let us use the experience gained in the previous section to obtain predictions for Γ(t → W b) at order α 2 s .
General remarks
It is convenient to decompose the decay rate according to the colour structure:
where in QCD the colour factors are given by C F = 4/3, C A = 3, and T = 1/2. n l is the number of massless quark flavours and will be set to n l = 5 in the end. A
A corresponds to the abelian part already present in QED, A F denote the corrections involving a second fermion loop with massless and massive quarks, respectively. In Fig. 1 a representative diagram for each function is pictured. Note that in the limit M W = 0 A (2) l is known analytically [11] and serves as a welcome check for our method.
Whereas at O(α s ) the 't Hooft mass µ 2 drops out (see Eq. (15)), it does appear at O(α 2 s ). We adopted the convention µ 2 = M 2 t throughout the paper. There are 60 three-loop diagrams that contribute to Γ(t → W b). The practical computation is done with the help of the package GEFICOM [12] . It uses QGRAF [13] for the generation of the diagrams and EXP [14] for the application of the hard mass procedure. For more details we refer to a recent review concerned with the automatic computation of Feynman diagrams [5] . The application of the methods of asymptotic expansion according to Eq. (1) reduces the practical computation either to massless three-loop propagator-type diagrams or to products of one-and two-loop integrals. In the latter case either vacuum graphs or again massless two-point functions appear. The integrals have been performed with the help of the packages MINCER [15] and MATAD [16] based on the symbolic manipulation language FORM [17] . The results for Σ 0 S and Σ 0 V defined in Eqs. (5) and (8) at three loops are quite lengthy and therefore not listed here. They can be obtained from the authors upon request.
The limit M W = 0
This section is concerned with the second order QCD corrections where the mass of the W boson is neglected. In this limit a comparison with [4] can be performed. The M Wsuppressed corrections will be discussed in the subsequent section. As already noted, A In Table 3 the results are displayed. The z-Padés for A (2) F converge very quickly whereas most of the ω-Padés develop poles for |ω| ≤ 1. As a result we infer
which coincides with the one quoted in [4] . Note, however, that the magnitude of A
F is rather small. behaves similar to the O(α s ) corrections. As expected, the more terms of the expansion in z are included, the better agreement with the exact result is observed. Furthermore, both z-Padés and ω-Padés lead to compatible numerical values from which, including the seventh and eighth moment ("input 8" and "input 9" in Table 3 ), the following result is deduced:
The error is around 4% and thus roughly as large as the one in [4] , where the result reads 2.85(7). Using only the sixth and seventh moment one ends up with
where the error is 7%. The result of Eqs. (20) and (21) can also be compared with the exact number [11] which reads 2.859 . . ..
Let us now turn to the abelian and non-abelian parts. Like in the one-loop case, the expansion in z is gauge dependent for these contributions. Motivated by the observations of Section 3, the analysis will be performed by setting ξ = 0 from the very beginning. For non-zero values of ξ some lower-order Padé approximants will be presented at the end of this section.
As compared to the fermionic contributions, the spread among the z-Padés and ω-Padés is significantly larger. Moreover, the numbers for the two approaches are less compatible with each other. Nevertheless, following the previously introduced strategy for the extraction of the central value and the error, we obtain
The (fairly conservative) errors are larger than the ones of the results in [4] , which read 3.5(2) and −8.10 (17), respectively. The numbers, however, are consistent.
At this point we have confirmed the results of [4] with a completely independent method. Our calculation can therefore serve as an important cross check.
Due to the complexity of the intermediate expressions it was impossible to evaluate eight terms in the expansion for small z using a general gauge parameter. In this case, we managed to compute the expansions for A
A and A N A against variations of ξ is also satisfactory, although many of the values of Table 5 are not compatible with (23). However, this could be traced to the low number of input terms in Table 5 . Table 4 : Table 5 :
Subleading terms in M W
Let us now turn to the power-suppressed terms of order (M
t ) contribution seven terms in the expansion in z could be evaluated. 
Quadratic terms in
The resulting Padé values for the quadratic M W terms are listed in Table 6 . The lightfermion contribution is very stable and the maximal deviation from the central value amounts to roughly 10%. Like in the case M W = 0, the Padé approximants for A
Fboth in ω and z -exhibit an impressive convergence.
For the abelian and non-abelian contribution most of the ω-Padés develop poles inside |ω| ≤ 1. In addition, while the z-Padés for A A there are only two of them without poles within |z| ≤ 1. However, all the poles of the other z-Padés approximately cancel against zeros in the numerator. All relevant numbers are highly consistent.
Therefore, the numbers in Table 6 lead us to the following results:
Quartic terms in M W
In Table 7 the Padé approximations for the quartic terms in M W are listed. The conformal mapping seems to spoil the convergence property here, as all ω-Padés develop poles within the unit circle. Moreover, in contrast to the constant and quadratic corrections, for the M
4
W terms it turns out that variations of Eqs. (5) and (8) (see the discussion in Section 2) lead to results which lie outside the error interval obtained from the numbers of Table 7 . So the final numbers for the M 4 W terms should only be considered as estimates on their order of magnitude. They will be presented below, with an artificially increased error of about 50%. (1) the coefficient of this logarithm is exactly reproduced by the first two terms in the Taylor expansion around z = 0 after setting z = 1; the higher order terms in z vanish (a similar behaviour for the logarithmic terms has already been observed in [18] ). The phenomenon of a truncated series in z for this coefficient also appears for A (2) l,exp and A (2) F,exp . According to the discussion above, this strongly suggests that the logarithms of M W are exactly recovered after setting z = 1. While for A For the abelian and non-abelian parts, the series in z for the coefficients of the M 
A and A 
Results at
In this subsection we finally present the numerical corrections for Γ(t → W b) at O(α 2 s ). Simply using the results derived above according to (13) and linearly adding the errors one would certainly overestimate the total uncertainty. It is more promising to add up the expansions in z for different colour structures and to perform the Padé procedure afterwards. The corresponding Padé approximations for the case M W = 0 are shown in Table 9 . Table 10 
For vanishing W boson mass the difference to the complete order α 4.5 Estimate for b → ulν and µ → eν µνe
As it was pointed out in [4, 20] , the results for top decay may be used to estimate also the QCD corrections to the semi-leptonic decay of the bottom quark. The O(α 2 s ) corrections to this process have been obtained recently [21] by computing four-loop onshell diagrams. Nevertheless, using the results of the previous sections we may also derive an approximation to this quantity, in this way verifying the consistency of the results of [21] , [4] and the present paper.
The decay rate for b → ulν can be expressed as
with
where M b is the on-shell bottom quark mass and V ub is the CKM matrix element for b → u transitions. The relation to the top decay rate is established through
, with the A (i) defined in Eq. (13) . Assuming that the functionŝ
are smooth within 0 < y < 1, one may approximate them by their first few terms in the expansion around y = 0:Â
which leads to
For example, in 0 th approximation, one finds (a
However,Â (i) (y) is not really smooth in general. In fact,Â (1) (y) has a singularity at y = 1 which spoils convergence of the expansion in y. On the other hand,
itself is finite for y = 1. Thus, if a larger number of terms in y is included, it is more promising to use directly Eq. (31) and expand the full integrand around small y. This is demonstrated in the case of Γ Table 11 where both approaches are compared including successively higher powers in y.
One can see that the approach using Eq. (34) provides reasonable estimates for n ∼ < 4, where, on the other hand, the results obtained by a naive expansion of the integrand in Eq. (31) are unsatisfactory. For n > 4, however, the situation becomes opposite: The more terms in y are included, the better is the approximation using the latter method. The method using Eq. (34) becomes very unstable.
The same procedure will now be applied at O(α (21), (24), and (25), multiplied by C F T , according to the transition from n l = 5 for top decay to n l = 4 for bottom decay. Only the central values from these equations will be used, the errors will be suppressed. The results are shown in Table 12 . One can see that both approaches lead to results that are fairly consistent with the exact number obtained in [21] .
Along the same line of reasoning we may derive an estimate for the O(α 2 )-corrections to the decay rate of the muon. Applying the obvious modifications to the notation of Eqs. (30) and (31) and using the results of Eqs. (21), (24), and (25), we find the numbers given in Table 13 . Only the method according to Eq. (34) has been applied. Again these results agree nicely with the exact results obtained in [22] .
This agreement can be considered as a non-trivial check of the results of [21, 22] and the ones obtained in this paper. using (a) Eq. (34), and (b) Eq. (31) with the full integrand replaced by its expansion around small y. n is the order of the expansion in y that was used as input. Table 12 : Estimates for Γ (2) b . Same notation as in Table 11 . Table 13 : Estimates for Γ (2) µ . "γγ" denotes the purely photonic corrections, "elec" and "muon" the ones involving electron and muon loops, respectively. ("elec" also includes real emission of an electron-positron pair, of course.)
Conclusions
In this work QCD corrections of order α 2 s to the decay of the top quark into a W boson and a bottom quark have been considered. Since the exact treatment of the contributing Feynman diagrams is currently out of question, the calculation has been reduced to the evaluation of moments. The physical limit is obtained via conformal mapping and Padé approximation. The existing results in the limit of a massless W boson could be confirmed and new terms of order M The approach used in this article for the evaluation of the diagrams can certainly be carried over to other interesting physical problems, e.g., semileptonic bottom quark decays or muon decay as indicated in Section 4.5. In this paper the reliability of the method has been demonstrated by a comparison with a completely different approach.
